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The objective of this study is to incorporate topological space into the realm of n-Cylindrical Fuzzy Neutrosophic Sets 
(n-CyFNS), which are the most novel type of fuzzy neutrosophic sets. In this paper, we introduce n-Cylindrical Fuzzy 
Neutrosophic Topological Spaces (n-CyFNTS), n-Cylindrical Fuzzy Neutrosophic (n-CyFN) open sets, and n-CyFN 


closed sets. We also defined the n-CyFN base, n-CyFN subbase, and some related theorems here. 
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neutrosophic closed sets, n-Cylindrical fuzzy neutrosophic base. 


1 | Introduction 
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Zadeh [1] laid the stepping stone to the field of uncertainties called fuzzy sets. The prime field of 
mathematics where the concepts and ideas of fuzzy sets drew a parallel was topology. Chang [2] 
enlivened the concept of fuzzy topological spaces using Zadeh’s definition. Since then the various 
notions in classical topology have been extended to fuzzy topological spaces. Subsequently in the 
second half of 1970 and the beginning of 1980, many authors contributed a lot to this new field. Later 
Atanassov [3], [4] introduced a new set called Intuitionistic Fuzzy Set (FS) in which the sum of both 
acceptance degree and rejection degree grades does not exceed 1. Later, intuitionistic fuzzy topological 
spaces via IFSs were obtained by Coker [5] in intuitionistic fuzzy topological spaces, Lee and Lee [6] 
discovered the properties of continuous, open, and closed maps. Yager [7] proposed the Pythagorean 
Puzzy Set (PyFS) as a generalisation of IFS in 2013, which ensures that the value of the square sum 
of its membership degrees is less than or equal to 1. The concept of pythagorean fuzzy topological 
space was introduced by Olgun et al. [8]. Cuong [9] initiated the idea of the Picture Fuzzy Set (PFS). 
He utilized three indices (membership degree P (x), neutral-membership degree I (x), and non- 
membership degree N (x) in PFS with the condition that is 0S P (x) +I (x) +N (x) $1. Obviously PFSs 
is more suitable than IFS and PyFS to deal with fuzziness and vagueness. The idea of picture fuzzy 
topological spaces was first initiated by Razaq et.al [10]. Later Spherical Fuzzy Sets (SFS) have been 
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proposed by Kahraman and Gundoedu [11]. SFS should satisfy the condition that the squared sum of 
membership degree and non-membership degree and hesitancy degree should be equal to or less than 
one. Princy and Mohana [12] introduced spherical fuzzy topological spaces. 


The neutrosophic set was introduced by Smarandache [13] and neutrosophic set is a generalization of 
IFS. Salama and Alblowi [14] introduced the concept of neutrosophic topological spaces. They 
introduced neutrosophic topological space as a generalization of intuitionistic fuzzy topological space 
and a neutrosophic set besides the degree of membership, the degree of indeterminacy and the degree 
of non-membership of each element. Smarandache [15] introduced the dependence degree of (also, the 
independence degtee of) the fuzzy components, as well as the neutrosophic components, for the first 
time in 2006. Arockiarani and Jency [16] initiated the notion of fuzzy neutrosophic set as the sum of all 
the three membership functions does not exceed 3. Fuzzy neutrosophic topological space and basic 
operations on it was proposed by Veereswari [17]. Sarannya Kumari et al. [18] recently introduced n- 
Cylindrical Fuzzy Neutrosophic Sets (n-CyFNS), which have T and F as dependent components and I 
as independent components. Except for fuzzy neutrosophic sets, the n-CyFNS is the largest extension 
of fuzzy sets. In this case, the degree to which positive, neutral, and negattve membership functions 
satisfy the condition, 0 < BA (x) $ 1 and 0 SA n(x) + yAn(x) £1, n>1, is an integer. They also defined 
the distance between two n-CyFNS, as well as their properties and basic operations. 


In this paper, we introduce topological space in n-CyFNS environment. This is a new type of fuzzy 
neutrosophic sets in which T and F are dependent components and I independent components. Here 
we defined n-CyFN topological space, n-CyFN open sets. We also initiated n-CyFN base, n-CyFN 
subbase and some related results. 


2 | Preliminaries 


This section covers some basic definitions and examples that will be useful in subsequent discussions. 


Throughout this paper, U denotes the universe of discourse. 


Definition 1 ([1]). A fuzzy set A in D is defined by membership function a: A— [0, 1] whose 
membership value ta (x) shows the degree to which x € UV includes in the fuzzy set A for all x€ UV. 


Definition 2 ([2]). A fuzzy topological space is a pair (CX, T), where X is any set and T is a family of 
fuzzy sets in X satisfying following axioms: 


I ®,XeT. 
Il. IfA, BET, then ANB ET. 
Il. If A; €T for eachi€ I, then Uj Aj ET. 


Definition 3 ([3]). An IFS A on U is an object of the form A= {(x, «a (x), ya(x) |x€D)} where aa (x) 
€ [0,1] is called the degree of membership of x in A, ya (x) € [0, 1] is called the degree of non-membership 
of x in A, and where «a and ya satisfy (for all x ED) (a(x) + ya(x) S$ 1) IFS (QO) denote the set of all the 


IFSs on a universe U. 


Definition 4 ([13]). A neutrosophic set A on U is A=< x, T(x), a(x), Fa(x) >; x€ VU, where Ta, Ia, 
Pa: A> ]-0,1*[ and -0<T a(x) + La(x) + Fa(x)< 13". 


Definition 5 ([16]). A fuzzy neutrosophic set A on VU is A=< x, Ta(x), La(x), Fa(x) >; x€ VD, where Ta, 
Ta, Fa: A> [0, 1] andO < Ta(x) + Ia(s) + Fa(x)s 3. 


Definition 6 ([13]). A neutrosophic set A on D is an object of the form A= {(x, U(x), Ca (X), Va(X)): 
x EU}, where ua(x), Fa(X), Va (X) € [0,1], OS ua(x) + Ca(x) + Va (X) $3 for all x ED. ua(X) is the degree 
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of truth membership, ¢4(X) is the degree of indeterminacy and va(x) is the degree of non-membership. 


Here ug (X) and V4 (x) are dependent components and ¢,4 (x) is an independent component. 


Definition 7 ({14]). A Neutrosophic Topology (NT) on a non-empty set X is a family T of neutrosophic 
subsets in X satisfying the following axioms: 


I. (NT1) On,1n € T. 
Il. (NT2) GiNG2€ T for any Gi, GoE T. 
Ill. (NT3) UGi€ T for all {GziEs}St. 


In this case the pair (X, T) is called a Neutrosophic Topological Space (NTS) and any neutrosophic set in 
T is known as Neutrosophic Open Set (NOS) in X. The elements of T are called open neutrosophic sets. 
A neutrosophic set F is closed if and only if it C (F) is neutrosophic open. 


Definition 8 ([17]). A Fuzzy Neutrosophic Topology (FNT) a non-empty set X is a family T of fuzzy 


neutrosophic subsets in X satisfying the following axioms: 


I. (ENT1) Ow, Iw Et. 
Il. (FNT2) GiNG2ET for any Gi, Go ET. 
Il. (FNT3) UGiET for all {GziEJ} Et. 


In this case the pair (X, T) is called a Fuzzy Neutrosophic Topological Space (FNTS) and any fuzzy 
neutrosophic set in T is known as Fuzzy Neutrosophic Open Set (FNOS) in X. The elements of T ate called 
open fuzzy neutrosophic sets. 


Definition 9 ([18]). An n-CyFNS A on U is an object of the form A= {(x, «a(x), Ba(x), ya(x)) | x€ D} 
where a(x) € [0, 1], called the degree of positive membership of x in A, Ba (x) € [0,1], called the degree of 
neutral membership of x in A and ya (x) € [0, 1], called the degree of negative membership of x in A, which 
satisfies the condition, (for all x€ D) (OS Ba(x) $1 and 0 Saa (x) + ya2(x) $1, n>1, is an integer. Here T and 
F are dependent neutrosophic components and I is 100% independent. 


Por the convenience, (a(x), Ba(x), ya(x))is called as n-Cylindrical Fuzzy Neutrosophic Number (n- 
CyFNN) and is denoted as A= (aa, Ba, ya). 


Definition 10 ([18]). (The Basic Connectives). Let Cx (UV) denote the family of all n-CyFNS on U. 


Definition 11. Inclusion: For every two A, BET (UD), ASB iff (for allx EU, wa(x) Sap(x) and Ba(x) < Bp 
(x) and ya(x) 2 yp (x)) and A=B iff AGB and BGA). 


Definition 12. Union: For every two A, BE TN (UV), the union of two n-CyFNSs A and B is AUB(x) = {( 
x, max (ct(x), t9(s)), max (Ba(X), 8n(8)), min (ya(8), yo(S)) ) [x EU}. 


Definition 13. Intersection: For every two A, B € Tn (V), the intersection of two n-CyFNSs A and B is 
ANB(x) = {(x, min (aa(X), #6(8)), min Ba(x), Bx(X)), max (ya(s), yw(S)) ) [x EV}. 


Definition 14. Complementation: For every A € Cy (UV), the complement of an n-CyFNS A is AC= {(x, 
YA), Ba(s), «a(x) ) [x EV}. 


Definition 15. Sum: For every two A, BE Tw (VU), the sum of two n-CyFNSs A and B is A®B(x) = { (x, 
(sere? MAX (Bas), Bats), min (ya(s), BG) ) [x € VD}. 


a X)+ a(x)? 


Definition 16. Difference: For every two A, B € Tn (UV), the difference of two n-CyFNSs A and B is 
A@B(s) = { (x, max (&a(3), a(x), min (a(x), Bu(x)), TAAP8 » |x ED}. 

Definition 17. Product: For every two A, B ETN (V), the product of two n-CyFNSs A and B is A@B 
(x) = {(% (&a().on(X), Ba(®).Ba(X), ya)-ya(S)) ) [x € UJ. 


Definition 18. Division: For every two A, BE Tn (OU), A@B is A@ B(x) = { (x, min («a(x), «B(x)), Ba(x). 
Bw(x), max (a(x). yw(x)) ) [XEV}. 


Results ({18}): 


I. If ASB and BEC then AEC, 
Il. AUB=BUA& ANB=BNA. 
Ill. (AUB) UC=AU (BUG & (ANB) NC=AN (BNC. 
IV. (AUB) NC= (ANC) U (BNC) & (ANB) UC=(AUC) N (BUC). 
V. ANA=A&AUA=A. 
VI. De Morgan’s Law for A & B ie, (AUB) ©=A©MBE & (ANB) = A€ U BE. 
VIL. (A®B) = (BOA). 
VII. (A® B)=(B @A). 


3 | n-Cylindrical Fuzzy Neutrosophic Topological Spaces 
Definition 18. Let {A,:i € I} be an arbitrary family of n-CyFNS in U. 
Then 9 A; = {(x, inf (aai(x)), inf Gai(x)), sup ((yai(x)) ) |x ED. 
UA; =t(x, sup (ai(x)), sup Gailx)), inf (yai(x)) ) [x € V5. 
Definition 19. Ocn ={(x, 0,0, 1) | x€D} and loyw= {(x, 1, 1,0) | xD}. 
3.1 | n-Cylindrical Fuzzy Neutrosophic Topological Spaces 


In this part, we give a definition of n-Cylindrical Fuzzy Neutrosophic Topology (n-CyFNT) and its 
related properties according to Chang’s PTS. 


Definition 20. An n-CyFNT on a non-empty set X is a family, ty, of n-CyFNS in X which satisfies the 
following conditions: 


L Ocyn; len E Tx: 
Il. Ay a) Ap € Tx: 
Ill. UA; € Tx, for any arbitrary family A; € Ty ,i€ 1. 


The pair (X, Tx) is called an n-cylindrical fuzzy neutrosophic topological space n-Cylindrical Fuzzy 
Neutrosophic Topological Spaces (n-CyFNTS) and any n-CyFNS belongs to ty is called an n- 
Cylindrical Puzzy Neutrosophic Open Set (n-CyFNOS) and the complement of n-CyFNOS is called n- 
Cylindrical Fuzzy Neutrosophic Closed Set (n-CyFNCS) in X. Like classical topological spaces and fuzzy 
topological spaces, the family {Ocn, leyn} is called indiscrete n-CyFNTS and the topology containing all 
the n-CyFN subsets is called discrete n-CyFNTs. 


Remark: Obviously any fuzzy topological space or intuitionistic fuzzy topological space or pythagorean 
fuzzy topological space is an n-CyFN topological space as any subsets of the fuzzy space, intuitionistic 
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fuzzy space, and pythagorean fuzzy space can be viewed as n-CyFN subsets. But the converse of the above 
doesn’t follow and it can be evident from the following example: 


Example 1. Let X ={ p, q} and tx ={ len , Oeyn, A, B, C, D}, where, 


A= {<p; 0.5, 0.5, 0.7>, <q; 0.2, 05, 0.4>}, B= {<p; 0.6, 0.5, 0.5>, <q; 0.3, 0.5, 0.9>}, C= {<p; 0.6, 0.5, 
0.5>, <q; 0.3, 0.5, 0.4>}, D= {<p; 0.5, 0.5, 0.7>, <q; 0.2, 0.5, 0.9>}, is clearly an n-CyENTS. 


Definition 21. Let (X, Tx) and (X, Txz) be n-CyFNTSs. 
I. Ty is finer than Ty, if Tx. D Txy- 
Il. Txp is strictly finer than Ty, if Tyy D Ty. 
Ill. txg and Tx, ate said to be comparable if it holds Typ D Tx, Of Tx, 2 Tx. 


Example 2. Consider the Example 1. 


X={p, qh, Tx ={len, Oeyn, A, B, C, D} and Tx1= {loyn, Ven, A} are two n-CyFN topologies on X. Clearly 
we can see that Tx D Txy. 


Definition 22. Let (X, Ty) be a CyFNTS on X. 


B CS Tx, a sub family of tx is called an n-CyFN base for (X, Tx), if each member of Ty may be expressed 


as the union of members in .F. 


Y € Tx, a sub family of Ty is called a n-CyFN sub-base for (X, Tx), if the family of all finite intersections 
of .Y forms a base for (X, Ty). Here it can be said that .Y generates (X, Ty). 


Theorem 1. Let (X, Ty) be an n-CyFNTS and & C Tx, be a n-cylindrical fuzzy neutrosophic base for Tx. 
Then Ty is the collection of all union of members of .&. 


Proof: The definition of the base of an n-CyFNTS clearly proves the theorem. 


Theorem 2. Let (X, Tx) be an n-CyFNTS and & Cty. Then @& is an n-cylindrical fuzzy neutrosophic 
base for Ty if and only if for any xeX and any Ge Tx containing x, there exists Be & such that xeBCG. 


Proof: Suppose F is an n-cylindrical fuzzy neutrosophic base for Tx. 
Let Ge ty and xeG. Now G= | ;B,, B; € &, xeG = xe | ; B; >xe B; for some B; and let B; = B. 
That is, xeB = B; C _ ;B; CG, hencex € CBG. 


Conversely suppose the given condition holds, ie, Let G € Ty. For each x€G, there exists Bx € Asuch that 
x€B.cG, 
B,C G for all x. Then, 

Uxeg Bx  G. (1) 


But from the assumption Ge Ty and, x € By for all xeG and Bsc G Since G is n-CyFNOS in X, G can be 


expressed as: 


G CUyeqg Bx where Bxe & C tx. (2) 


From Fags. (1) and (2); G=U,e¢ Bx ; Bxe & thus F is an n-CyFN base for Tx. 


Definition 23. Let (X, Ty) be an n-CyFNTS and YC X. Then the collection ty = {X; NY: X; € Ty ,i€ 
T} is called n-cylindrical fuzzy neutrosophic subspace topology on Y. Hence (Y, Ty) is called n-cylindrical 
fuzzy neutrosophic topological subspace of (X, Tx). 


Theorem 3. Let (X, Tx) be an n-CyFNTS and YC X, then ty, an n-CyFN subspace topology on Y is 
an n-CyFNTS. 


Proof: Certainly Oc, ley € Ty since NeMY=Ocy and LeMY=1ey. 
Also ty = {X; CX, ie lh. 


Hence it is closed under arbitrary n-cylindrical fuzzy neutrosophic union. 


Ueiuy = (Ux) vy. 6) 
i i 

Also it is closed under finite n-cylindrical fuzzy neutrosophic intersection. 

Hence the theorem follows. 


Axnay=(()xny. (4) 
i=1 i=1 


Example 3. Let X be the set of all integers. Consider f € n-CyFNS such that f(x) = <1, - 0 >; x>1and 
x €X=<0,-* ,1>;x< -1=<1,1,0>;x=0, then (X, tx) is an n-CyFNTS with t= {Lon, Oo, FF. 


Let Y denote set of all even integers ie, y = 2x €Yg(y) =<1, ; 0 >;y21=<0, = 13 ye =< 14, 


0>;y=0. Clearly (Y, ty ) is a sub space topology, Ty = {lon , Oey, g}- 


Theorem 4. If F is an n-CyFN base for (X, Ty) and YC X, then A ={BNY |Be Z } is an n-CyFN 
base for (Y, Ty). 


Proof: Let G is n-CyFN open in X and ye GNY. Now choose B € & such that ye BCG. 

Thus yeBn Y CGNY. Hence .&, an n-CyFN base for (Y, ty) by Theorem 2. 

Theorem 5. Let (X, Ty) be a CyFNTS and (Y, ty) be an n-cylindrical fuzzy neutrosophic topological 
subspace. If CY Zis n-cylindrical fuzzy neutrosophic open in Y then Z is n-cylindrical fuzzy 


neutrosophic open in X. 


Proof: It is evident from the definition of n-cylindrical fuzzy topological subspace. 
4 | Conclusion 


Our goal with this paper is to broaden the scope of n-CyFNS to topological spaces. Here we introduce 
the fundamental definitions of n-CyFNTS, n-CyFN open sets, and n-CyFN closed sets, as well as 
examples. The terms n-CyFN base, n-CyFN sub base, and related theorems were also defined. This 
paper is the first to investigate n-CyFNTS. This research will undoubtedly be the basis for the further 
development of n-CyFNTS and their applications in various fields. Evidently, these ideas have the 
potential to inspire additional research in the future. 
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